An approximate method is developed to investigate the interlaminar stresses near the free edges of beam-type composite laminate structures subjected to out-of-plane shear/bending. The method is based upon admissible function representations for in-plane stresses that contain a linear variation in the longitudinal direction. Closed-form solutions of all stress components are sought by minimizing the complementary energy with respect to the unknown functions. The resulting solutions satisfy the stress equilibrium, compatibility, and all of the boundary conditions. Numerical examples are given for both cross-ply and angle-ply laminates. It is found that interlaminar stresses under the shear/bending, particularly those for angle-ply laminates, may exhibit substantially different characteristics than under uniaxial loading or under pure bending. 
Another group of methods makes use of assumed equilibrated stress representations and the use of the principle of minimum complementary energy to satisfy compatibility.
11
" 13 This technique particularly allows a simple and efficient yet accurate tool for estimating the interlaminar stresses. Most recently, the method was generalized by accounting for the mismatches in Poisson's ratios and the coefficients of mutual influences that may further exist between different plies in the throughthickness direction.
14 Generally, it is known that the stresses under either type of loadings, uniaxial tension or pure bending, are known to share similar characteristics.
Investigations of other types of loadings have been relatively rare. Tang 15 predicted interlaminar stresses of uniformly loaded rectangular composite plates analytically but ignored the longitudinal variation in the boundary-layer part of the solution. Murthy and Chamis 8 examined interlaminar stresses under various loadings such as in-plane and out-of-plane shear/bending and torsion, using a three-dimensional finite element method. The characteristics that typify the stresses, particularly under out-of-plane shear/bending, however, were not clearly pointed out, and some of the results need comparisons with other analyses. Kassapoglou 13 added the effects of the out-of-plane shear to his closed-form solutions for combined extension/bending loading. The formulation, although accurate for plates that are homogeneously anisotropic, does not adequately model the mismatches between the laminate and the individual laminae properties.
In this paper, interlaminar stresses near straight free edges of beam-type composite laminate structures under out-of-plane shear/bending are investigated using an approximate method based on equilibrated stress representations and the use of the principle of minimum complementary energy. The present analysis is different from the previous assumed stress methods in that it includes the longitudinal degrees of freedom in the stress distributions, which adds much to the complexity of the formulation. As a result, the unknowns in the resulting stress expressions are obtained by solving an eigenvalue problem whose coefficients are not constants but may depend on the shear loading location. Numerical results are given for both cross-ply and angle-ply laminates that are cantilevered at one end and subjected to a concentrated out-of-plane shear load at three different locations. It is found that, unlike uniaxial tension or pure bending, the combined shear/bending generally creates interlaminar stresses of different shapes and magnitudes as the relative amounts of shear and bending change. It is also found that the stress shapes do not exhibit either exact symmetries or antisymmetries in the transverse direction as they would under uniaxial loading or pure bending. 
Stress Equilibrium Equations
Consider, for example, a composite laminate that is cantilevered at one end and subjected to an out-of-plane shear load V (force/unit width) concentrated at x\ = % (see Fig. 1 ). The laminate consists of n plies and can have general unsymmetric layups. It is assumed that the width (2b) of the beam is small compared with its length, and the shear load is distributed uniformly over the width. It is also assumed that local constraining effects in the vicinity of the root of the cantilever can be ignored. For convenience, the following transformations are introduced for the width coordinate x 2 :
(1)
Both the free edges at x 2 = ± b are then defined by x 2 = 0. The local vertical coordinate x 3 is defined as being zero at the bottom of each ply. For a geometrically linear theory, the stress equilibrium equations (a/ y>7 = 0), in the absence of body forces, have the form 1 dai2 dg 13 
where minus and plus signs are used for the positive and negative x 2 , respectively. Assuming that the laminate has effective length of £, the traction boundary conditions that must be enforced in the complementary energy principle are (7 = 1, 2, 3)
It is seen that since all of the three equilibrium equations are coupled, at least three stresses need to be known a priori to obtain the remaining components.
Far-Field Stress Shapes
In the present analysis, any stress component is assumed to consist of two parts, namely, the far-field stress a// and the companion stress off.
= Oi + (7) By definition, only the far-field stresses should exist in the central region of the laminate away from the free edges. On the contrary, both components are expected to exist near the free edges to meet the traction free boundary conditions (6) .
According to the classical laminate plate theory (CLPT) or the first-order shear deformation theory, the in-plane far-field stress components in the /rth ply can be expressed as 16 -
where the coefficients A$ k \ B$ k \ and C\ k) are obtained for a unit moment M x = 1 and with all other moments equal to zero, and
It is emphasized that any higher order shear deformation theories can also be invoked, but only the zeroth-and first-order theories are considered in the present analysis.
The remaining far-field stress components, i.e., the out-ofplane stress components due to the in-plane gradient field are obtained by integrating the stress equilibrium equations (2-4) with the previous expressions for aff, d^p, and d$. Treating the applied shear as an impulse load at x\ = £, one can summarize those components as
where 0 if 0 < xi < if (15) and In the previous equations, D^k\ E& k \ and F^k\ which represent unknown integration constants, have been defined such that the out-of-plane stresses satisfy the traction boundary conditions on the top and bottom surfaces of the laminate and are continuous at all ply interfaces. That is, and <j<J)(jc 3 
(21)
Companion Stress Shapes
The in-plane parts of the companion stresses (7 2 C 2 and af 2 , in the boundary region, are assumed as follows:
where f\(x 2 ) and /2(x 2 ) are unknown functions of the nondimensional coordinate x 2 and will be determined from the principle of minimum complementary energy. {Note that f\(x 2 ) and f 2 (x 2 ) are left as undetermined functions in the assumed equilibrated solutions a/J [see Eqs. (51-56)]). With at® and a*® defined as Eqs. (9) and (10), the previous expressions for the companion in-plane stresses guarantee global equilibrium of total in-plane stresses. Although the in-plane shear stress (23) satisfies the tip boundary condition (5), there exists a restraint in Eq. (22) that the transverse normal stress <7 2 2 should also vanish at the tip of the laminate. According to Rose and Herakovich, 14 this is a valid expression not accounting for the local mismatches in Poisson's ratios. The boundary conditions (6) require
The second conditions in Eqs. (24) and (25) insure that the companion parts are zero far away from the free edges. The previous in-plane components and all other out-of-plane components that follow will be made to satisfy the global equilibrium automatically. No functional form is assumed for the in-plane stress af l9 but as will be seen later, it can be invoked from a compatibility equation.
The first of the out-of-plane companion stresses, a 23 , is obtained directly by integrating the second equilibrium equation (3) as
where the plus and minus signs are for the positive and negative x 2 , respectively, and
Once again, the integration constant G^ has been defined so as to satisfy the traction free boundary conditions on the top and bottom surfaces and the stress continuity at all ply interfaces. Also, vanishing of a 2 c 3 at the free edges requires (28)
Next, to obtain a 3 c 3 one has to know the first term in the third equilibrium equation (4) . This can be done by taking a£ 3 from the first equilibrium equation (2) as (29) where the two integrals include appropriate constants to satisfy stress continuity at each ply interface. Since no impulse is expected in aft, one can assume (30) where g has yet to be determined. Hence, upon substituting the expression (30) and differentiating Eq. (29) with respect to *i, one obtains for the fcth ply
It is noted that since the derivatives of any out-of-plane stress with respect to JCi are also continuous at each ply interface, the integral in Eq. (31) must contain appropriate constants to satisfy this continuity. Finally, upon substituting Eqs. (26) and (31) into the last equilibrium equation (4) and integrating with respect to * 3 , one obtains
where
Again, the double integral term in the previous equation must contain appropriate constants to satisfy stress continuity at each ply interface. Previously, it was suggested that at least three stress components should be known to solve the coupled stress equilibrium equations (2) (3) (4) . So far, a 22 , a^, and a^ have been assumed implicitly in terms of three unknowns/i, / 2 , and g. Although all of these functions may be obtained from the principle of minimum complementary energy, by which the compatibility is optimized, it is the purpose of the present study to reduce the number of unknowns to a minimum. This can be done by resorting to compatibility requirements in advance. The compatibility equations in the rectangular coordinate are 
To eliminate, for example, g(x 2 , x^), and to obtain a n in terms of /i and / 2 , one can make use of the last compatibility equation (37). For this purpose, all of the terms involving singular functions will be dropped for the sake of brevity by limiting the region of interest strictly to 0 < x<%. Dropping the singular terms does not affect the result of the analysis for it was already postulated that OH would not contain any singularities and vanish for x\ > J. Thus, by combining Eq. (37), the stress-strain relations (38), and Eqs. (26) and (31), one gets
Hence, upon integrating with respect to x 3 twice, one gets V 2 The two unknown functions q^ and q 2 ® must now be determined such that the previous expression satisfies the tip boundary condition aftOfi = £ ) = 0. This can be best achieved by defining these functions as the equal and negative of the coefficients of the first-order and constant terms in Eq. (45) that do not vanish at the tip. Unfortunately, the nonvanishing quadratic and cubic terms cannot be eliminated since q{® represents at best a coefficient of a first-order x 3 term. Therefore, to have a valid solution for aft, it is necessary to drop these higher-order terms that do not vanish at the beam end. Returning to the original region of interest 0 <*!<£, the resulting expression for aft (47), and (50). The total stress field including the far-field and companion parts can be summarized as follows:
(52)
(55)
where P 2 k \x 3 ) s
+
The previous stress field, although satisfying equilibrium and traction boundary conditions completely, still has undetermined functions f\(x 2 ) and f 2 (x 2 ). These will be determined from the principle of the minimum complementary energy. Thus, the geometric compatibility conditions are realized in a weak form. From these equations, it is clear that the out-of-plane shear/ bending will in general create interlaminar stress fields that are neither symmetric nor antisymmetric about the vertical middle plane defined by x 2 = 0. As will be seen later, for a given laminate structure these departures from complete symmetries or antisymmetries largely depend on the ratio between the amount of shear load and bending load at the location of interest.
Energy Minimization
The two unknown functions fi(x 2 ) and/ 2 (jc 2 ) are determined by minimizing the complementary energy n c expressed as
where S is the ply compliance matrix defined by Eq. (38), and T represents the surface traction force. The first integral in the right hand side represents total strain energy expressed in terms of a given stress field, and the second integral is the work done by the surface traction at the boundary. It will turn out that only the first integral is necessary in the minimization procedure since the second integration contributes only to the particular solutions of f\ and / 2 , which are not of concern here. Also, only the companion stress parts a c will be needed in the formulation since the far-field stresses do not affect the unknown functions. Thus, a new complementary energy to be minimized can be written as Note that the energy formulation defined by Eq. (58) includes only a half of the region of the laminate, either Q<x 2^b or -b < x 2 < 0. There are three types of integrals in Eq. (59): energy terms resulting from bending V(x\ -£), energy terms resulting from shear V, and terms that represent couplings between bending and shear. These integrals are polynomials in £ and proportional to £ 3 , £, and £ 2 , respectively. By an order of magnitude analysis it can be shown that the shear energy terms and energy terms representing couplings between shear and bending are of higher orders than the bending energy terms. Using standard arguments of calculus of variation, the minimization of Eq. (58) The previous six equations in Eqs. (67) and (68) can be solved for the corresponding S/ and 5, for a given AW/.
The two unknowns/i and/ 2 are in general functions of £. According to the order of magnitude analysis, however, the actual solutions should not change significantly with the shear load location. In fact, for most of the composite laminates investigated, the roots of the characteristic equation (64) were found to be almost identical to those of the pure bending problem.
Special Case-Cross-Ply Laminate
The solution simplifies significantly for a cross-ply laminate since there is no in-plane shear stress a i2 in this case. As a result, /2 does not exist and It is noted that, for a cross-ply laminate, the exact symmetry and antisymmetry of the out-of-plane stresses in the transverse direction will be recovered.
Application to Arbitrary Loading
For an arbitrary loading P(XI) that is distributed over 0 < x\ < L , the stress field can be found by the principle of superposition:
Here, pW represents a stress component in the &th ply at (x l9 x 2 , #3) due to a unit shear load at x\ = £. The various F-f* have been obtained in Eqs. (51-56) with unit shear load V -1. With the exception of impulse terms in cr 33 , the superposition integral (74) is actually performed over only x\ < £ < L since any stress component created outside of the unit impulse shear is zero. The impulse terms in a 33 , when integrated, give rise to the new boundary traction condition on the top surface, <r$(x 3 = tW) = P(XI). If one considers only the bending energy in carrying out the eigenvalue problem (64), /i and/ 2 can be obtained by applying a unit bending moment instead of an impulse load. In this case, the superposition integral (74) leads to a stress field that can be represented by the same equations, Eqs. ] replaced by the distributed load P(XI), the shear resultant V(xi) 9 and the moment resultant M X (XI), respectively. Otherwise, it is necessary to include /i, / 2 , and their derivatives within the integral to evaluate Eq. (74) numerically.
Results and Discussion
The approximate method outlined in the previous sections has been applied to a cross-ply and an angle-ply laminate with graphite/epoxy 23.9 kPa, respectively. All interlaminar stresses are seen to have the same order of magnitude. In particular, the shear stress a 13 in orthotropic laminates is caused by the longitudinal gradient of the in-plane stress an that has an order of magnitude of V/h. Figure 2 does not exactly show stress singularity in (7 33 that is expected from exact analysis, but it does not pose serious limits from a practical point of view. Except for <7i 3 , all of the three different loading points investigated have little effects on the stresses. This is due to the absence of the in-plane shear stress o\ 2 that would affect other stress components through its gradients. For the same reason, a 33 and a 13 have complete symmetries about the vertical middle plane 13 has an order of magnitude much greater than either of the stresses with very high peaks that approximate singularities near the ends. This is because there exists significant contribution from the transverse gradient of the in-plane shear stress ai 2 , in addition to the longitudinal gradient of the in-plane normal stress an. The most interesting feature about the new stress distributions is that, in contrast to the [90/0] 55 lay-up, a 33 seems to revert its directions near the free edges for small values of £. Also, the effects of changing the loading point are not negligible here; both magnitudes and signs of interlaminar stresses may change significantly as the location of shear approaches the root. For example, the maximum magnitudes (or possible singularities) of <r 33 and a 13 increase near the negative, positive free edge, respectively (Figs. 5 and 7), as does the peak value of a 23 near the negative free edge (Fig. 6) . Furthermore, the far-field magnitudes of a 23 and a i3 also increase. The latter is specially a direct reflection of the fact that the ratio of shear load to bending moment has increased as the loading point moved inboard. It is seen in the figures that all of the symmetries and antisymmetries in the stress distributions break down. Since these departures are associated with the ratio of the shear to bending load, the trend becomes more serious as % approaches the root of the laminate. In particular, the maximum magnitudes of a 33 and a 23 are greater near the negative free edge than near the positive edge. As for <7i 3 , it seems almost antisymmetric due to the dominant a\ 2 gradient that would give rise to a perfect symmetry about the vertical plane. Still, a\i for % = 0.1 L exhibits its unbalanced distribution whose magnitude is greater at the positive free edge (0.474) than at the negative edge (0.458). The last group of figures, Figs. 8-10 , shows the through-thickness variations of the normalized interlaminar stresses for £ = L at a distance of jc 2 = 0.05 from the positive free edge. The a 33 variation appears to be at least quadratic yielding smooth transitions between the plies. Because of the alternating stacking sequence of the angle-ply laminate, both a^ and a 23 are dominated by linear variations near the free edge, resulting in sharp transitions between the plies. Away from the free edge, <7i 3 will recover its smooth parabolic distribution. The a 23 in the farfield region, however, is still dominated by a sharp linear transition since its distribution is not affected by the normal bending stress a n .
In general, except for the behavior of a 33 singularities in some cases and the nonzero a 23 and a 13 values in the far field, the stress distributions in both cross-ply and angle-ply laminates near either side of free edges under the shear/bending share similar shapes with the stress distributions under uniaxial loading or pure bending. However, the out-of-plane loads result in relatively high interlaminar normal and shear stresses compared with the stresses under uniaxial loading or pure bending, since the combined shear/bending loading directly subjects the laminate to interlaminar stresses (also pointed out inRef. 8).
Conclusion
An approximate theory for predicting interlaminar stresses near straight free edges of composite laminates under out-ofplane shear/bending has been presented. The method is based upon admissible stress function representations and the principle of minimum complementary energy. Stress equilibrium and boundary conditions at all boundaries are satisfied, whereas compatibilities are optimized by minimizing the complementary energy. Numerical results for cross-ply and angleply laminates, particularly those of angle ply, reveal some new characteristics that are not apparent under uniaxial or pure bending loading. These results show that a composite laminate with high in-plane shear stress can develop interlaminar stresses whose magnitudes near one free edge may be greater than those near the other edge at a location where shear load is significant compared with bending load. The method, currently illustrated for cantilevered composite beams with concentrated shear loads, can be applied for any other cases with out-of-plane shear/bending loads such as simply supported beams with concentrated or arbitrarily distributed loads.
